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STEADY-STATE HEAT CONDUCTION FOR A REGION BOI~CDED BY A SPNERE 

AND A TANGENT PLANE 

B. A. Vasil'ev UDC 536.24.01:517.946 

I~ is shown that the problem of potential theory for a half-space with a spherical 
cavity with boundary conditions of the first and third kinds reduces to an ordi- 
nary differential equation which can be solved efficiently by numerical methods. 

It is well know~ that boundary conditions of the third kind prevent the separation of 
variables in the general case for boundary-value problems of potential theory. However, as 
shown in [i, 2], bipolar coordinates in a plane can be used to solve certain problems involv- 
ing off-center cylinders with a boundary condition of the third kind on the surface of one of 
the cylinders. In the case of contacting spheres, a system of degenerate bispherical coordi- 
nates can be used [3]~ in which the Fourier--Bessel integral transform method reduces the prob- 
lem to an ordinary differential equation for the transform. We consider a similar case, when 
one of the spheres becomes a half-space. 

Statement of the Problem. We consider the steady-state temperature distribution between 
a sph-ere and a tangent plane with the boundary conditions such that the sphere is at a given 
constant temperature and the plane is cooled according to Newton's law hy a medium at zero 
temperature (Fig. i). 

In a system of degenerate bispherical corodinates (5, B, ~ ) related to cylindrical coor- 
einates (z, 0, ~) by 

2Ri 
z + ~  - - ,  + ip (1) 

the equation of a sphere of radius R becomes ~ = i, and the equation of the tangent plane 
will be fl = O. For the case of rotational symmetry, the problem reduces to the solution of 
Laplace's equation in the form 

3 ( =____5 aT ) O ( ~ OT)=o, fl<~<l, 0~a<c~, 

a 

! , / /  / . . . .  ' / / , -  . . . . . .  Y,/1 

Fig. i. Half-space with a spherical 
cavity. 
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subject to the boundary condition on the plane 

OT 
--~' + HT[~=0 = 0, 0~<~< oo, (3) 

a~ 

t he  c o n d i t i o n  t h a t  t he  t e m p e r a t u r e  be  a c o n s t a n t  on t h e  s p h e r e  

T[~=I=T0,  0 ~ o o ,  (4) 

and the  c o n d i t i o n  a t  i n f i n i t y  

lira r ( ~ ;  ~) = 0, (5) 

where T = T(~; 8) is the temperature, To is the given constant temperature on the sphere, 
H = 2hR is the Biot number, and h is a positive constant. 

We look for a solution of (2) through (5) in the form [3] 

T = T 1 + T2, (6) 

whe re 

1o ( ~ )  dx; 
0 

- = ~ - ,  t v (x) 4 (=x) dx; 
chx 

and Jo(~X) is Bessel's function of order zero. 

Substituting (6) in boundary condition (3), we obtain an integral equation for the un- 
known function y(x) : 

j V(x) [~x -i- H t h x ]  do(~X) dx = H i' exp ( - -x )  Jo(=x) dx, 0 < ~ <  o o .  (7) 
0 b chx 

The integral equation (7) can be transformed to an ordinary differential equation with the 
help of the identity [4] 

~ i' ~v (x) So (~x) ~x = - x J0 (~x) dx, 0 < ~ < oo. 
b 0 

(8)  

This identity is true for any continuous, twice-differentiable function on the interval (0, ~) 
which is bounded and continuous at the point x = 0 and which decays sufficiently rapidly at 
infinity. Substituting (8) into (7), we have 

d x = H g t h x - - H  exp ( - -  x) 0 < x < ~ ,  (9) 
dx ch x ' 

s u b j e c t  t o  the  c o n d i t i o n s  

/r = O(1), x-~O, lira y(x) = 0. (10) 

The s o l u t i o n  o f  (9) can be found by n u m e r i c a l  m e t h o d s ,  bu t  i t  i s  n e c e s s a r y  to  t r a n s f o r m  (10) 
to  an i n i t i a l  c o n d i t i o n .  Th i s  can  be done u s i n g  t h e  g e n e r a l  t h e o r y  o f  s e c o n d - o r d e r  l i n e a r  
d i f f e r e n t i a l  e q u a t i o n s  [ 5 ] .  

S o l u t i o n  o f  t:he O r d i n a r y  D i f f e r e n t i a l  E q u a t i o n .  We c o n s i d e r  t he  s o l u t i o n  o f  t h e  c o r r e -  
s p o n d i n g  homogeneous ' e q u a t i o n  

dg" ") 
d (x  t t y thx ,  0 < x < ~ .  (11) , r =  

dx \ dx 

The p o i n t  x = 0 i s  a r e g u l a r  s i n g u l a r  p o i n t  o f  ( 1 1 ) .  A p a r t i c u l a r  s o l u t i o n  o f  ( l l )  can t h e n  
be written in series form [5] 

y~ (x) = X-' a,~x"-", ]xl < :~ T (12)  
a =  I 

The c o e f f i c i e n t s  {a n} are determined s u c c e s s i v e l y  from the recur rence r e l a t i o n  

4n~an = "%~ qhan-~, n == 1, 2, (13) 
k = l  

1479 



T i 

where 

o,5 

@ 

o p/R 

/2,.? 

2 ~ 8 

Fig. 2. Temperature distribution on the 
plane z = 0 (To is the temperature on 
the surface of the sphere): i) H = 0.5; 
2) H = 1.0; 3) H = 2.0; 4) H = 4.0. 

22k(2 ~ k -  l )B2h . 
qk = H (2k)! ' 

with ao = i, and B2k are the Bernoulli numbers. 

Solution (12) also satisfies a Volterra integral equation [5] 

Y x ( x ) = l + H S Y ~ ( O t h t l n ( + ) d t ,  0 ~ . x <  oo. 
0 

(14) 

Equation (14) can be solved numerically or by the method of successive approximations for 
x ~ ~/2. It also follows from (14) that (12) monotonically increases on (0, ~) and has the 
asymptotic form t 

y~(x)=O{x 4 e x p ( 2 V ~ - ) } ,  x - + o o .  (15) 

The n u m e r i c a l  s o l u t i o n  o f  (12) on (0 ,  ~) can  be done u s i n g  the  method of  Adams and Sh t~ rmer  
[ 5 ] .  I f  a s o l u t i o n  y ~ ( x )  i s  known, t h e n  a s econd  s o l u t i o n  y2 (x )  can  be found  by q u a d r a t u r e s  
from the condition [4] 

W (y~; y~) = Y; x ' 

where  W(yx; Y2) i s  t h e  Wronsk ian  d e t e r m i n a n t .  

The s o l u t i o n  y 2 ( x )  can  be  w r i t t e n  in  t h e  fo rm 

y~ (x) = Vx (x) ty~ (t) ' 0 < x < oo. 

(16) 

(17) 

Jf 

Solution (17) has the following asymptotic forms for large and small values of the argument 
X: 

1 

Y2(x)=O{x 4 e x p ( - - 2 V H x ) } ,  x - ~ o o ,  

y~(x) = O ( ln + )  , x - ~ 0 .  

(18) 

Using the method of variation of parameters, we obtain a particular solution of the nonhomo- 
geneous equation (9) in the form 

" ( f H exp (-- t) y(x) = y~(x) H e x p ( - - t )  y,(t) dt + y,(x) yl(t) dr, 0 < x <  oo. (19) 
ch t ~ ch t 

x 0 

From (15) and (18) we h a v e  t h a t  (19) s a t i s f i e s  c o n d i t i o n  ( 1 0 ) ,  w h i l e  (12) and (17) do not  
s a t i s f y  t h i s  c o n d i t i o n ;  hence  (19) i n  t h e  un ique  s o l u t i o n .  Also  f rom ( 1 2 ) ,  ( 15 ) ,  and (18) 
i t  f o l l o w s  t h a t  (19) s a t i s f i e s  t he  more s t r i n g e n t  c o n d i t i o n s  t h a t  t h e  i d e n t i t y  (8) be  a p p l i c -  
a b l e .  
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As an example, in Fig. 2 we show the temperature distribution on the plane z = 0 for 
H~(0.5, i, 2, 4}. The calculations were done with the Adams and Sht~rmer method on the ES- 
1045 computer. 

Finally, similar results can be obtained for the case when the boundary condition (4) 
depends on the angle~ . 
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